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The existing solutions of Navier—Stokes and energy equations in the literature regarding the three-dimensional
problem of stagnation-point flow, either on a flat plate or on a cylinder with or without transpiration, are only for the
case of axisymmetric formulation. In this study, the nonaxisymmetric three-dimensional steady viscous stagnation-
point flow and heat transfer in the vicinity of a flat plate are investigated when suction and blowing are also
considered in the model. An external fluid, along z direction, with strain rate a impinges on this flat plate and produces
a two-dimensional flow with different components of velocity on the plate. This external flow, as an example, can be
generated in the form of multiple jet streams in a row in which the jets are in equal distances from each other along the
x axis. A similarity solution of the Navier-Stokes equations and energy equation is presented in this problem. A
reduction of these equations is obtained by use of appropriate similarity transformations. Velocity profiles and
surface stress tensors and temperature profiles along with pressure profiles are presented for different values of
velocity ratios and Prandtl number for sample cases of transpiration.

Nomenclature
a = constant
F,G = inner-region functions
1.8 = similarity functions
Pr = Prandtl number
p = pressure
S = nondimensional transpiration
T = temperature
Uu,v,w = inviscid flow components
u, v, w = velocity components
Wy = rate of suction or blowing
X, v, 2 = Cartesian coordinates
o = thermal diffusivity
a,B,y,y,v = constants
8 = boundary-layer thickness
€ = perturbation parameter
n = similarity variable
0 = nondimensional temperature
A = velocity ratio in x and y directions
7 = viscosity
v = kinetic viscosity
& = inner variable
P = density
T = shear stress
P = inner-region variable

I. Introduction

HERE are many exact solutions for Navier—Stokes and energy
equations regarding the problem of stagnation-point flow and
heat transfer in the vicinity of a flat plate or a cylinder. Removing the
nonlinearity in these problems is usually accomplished by super-
position of fundamental exact solutions that lead to nonlinear
coupled ordinary differential equations by separation of coordinate
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variables, but in all the three-dimensional cases, only axisymmetric
formulation of the problem has been considered. Fundamental
studies in which flows are readily superposed and/or the axisym-
metric case were considered include the following papers presented
in the literature: uniform shear flow over a flat plate in which the flow
is induced by a plate oscillating in its own plane beneath a quiescent
fluid [1]; two-dimensional stagnation-point flow [2]; the flow
induced by a disk rotating in its own plane [3]; flow over a flat plate
with uniform normal suction [4]; three-dimensional stagnation-point
flow [5]; and axisymmetric stagnation flow on a circular cylinder [6].
Further exact solutions to the Navier—Stokes equations are obtained
by superposition of the uniform shear flow and/or stagnation flow on
a body oscillating or rotating in its own plane, with or without
suction. The examples are as follows: superposition of two-
dimensional and three-dimensional stagnation-point flows [7];
superposition of uniform suction at the boundary of a rotating disk
[8]; also the solution for a fluid oscillating about a nonzero mean flow
parallel to a flat plate with uniform suction given [9]; superposition of
stagnation-point flow on a flat plate oscillating in its own plate, and
also consideration of the case where the plate is stationary and the
stagnation stream is made to oscillate [10]; uniform shear flow
aligned with outflowing two-dimensional stagnation-point flow [11];
uniform flow along a flat plate with time-dependent suction and
included periodic oscillations of the external stream [12]; heat
transfer in an axisymmetric stagnation flow on a cylinder [13];
unsteady laminar axisymmetric stagnation flow over a circular
cylinder [14]; nonsimilar axisymmetric stagnation flow on a moving
cylinder [15]; transient response behavior of an axisymmetric
stagnation flow on a circular cylinder due to time-dependent free-
stream velocity [16]; unsteady viscous flow in the vicinity of an
axisymmetric stagnation point on a cylinder [17]; shear flow over a
rotating plate [18]; radial stagnation flow on a rotating cylinder with
uniform transpiration [19]; suppression of turbulence in wall-
bounded flows by high-frequency spanwise oscillations [20];
axisymmetric stagnation flow toward a moving plate [21]; axisym-
metric stagnation-point flow impinging on a transversely oscillating
plate with suction [22]; axisymmetric stagnation-point flow and
heat transfer of a viscous fluid on a moving cylinder with time-
dependent axial velocity and uniform transpiration [23]; axisym-
metric stagnation-point flow and heat transfer of a viscous fluid on a
rotating cylinder with time-dependent angular velocity and uniform
transpiration [24]; and similarity solution of nonaxisymmetric heat
transfer in stagnation-point flow on a cylinder with simultaneous
axial and rotational movements [25]. The only three-dimensional
nonaxisymmetric solution in aforementioned studies is the one in [7],
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which is with large deviations from the correct solution because of
the approximation methods used, where, in a later work [26], these
deviations have been discussed.

In this study, the nonaxisymmetric three-dimensional steady
viscous stagnation-point flow and heat transfer in the vicinity of a flat
plate are investigated in the presence of suction and blowing by
solving Navier-Stokes equations. The importance of this research
work is encountered in solutions where the flow pattern on the plate is
bounded in one of the directions, for example, x axis, because of
whatever physical limitations. The external fluid, along z direction,
with strain rate a impinges on this flat plate and produces a two-
dimensional flow with different components of velocity on the plate.
This external flow, as an example, can be generated in the form of
multiple jet streams in a row, in which the jets are equal distances
from each other along the x axis and interact with each other on the
plate. A similarity solution of the Navier-Stokes equations and
energy equation is derived in this problem. A reduction of these
equations is obtained by use of these appropriate similarity transfor-
mations. The obtained coupled ordinary differential equations are
solved using numerical techniques. Velocity profiles and surface
stress tensors along with temperature profiles are presented for
different values of impinging fluid strain rate, different forms of jet
arrangements, Prandtl number, and sample values of suction and
blowing parameters.

II. Problem Formulation

Flow is considered in Cartesian coordinates (x,y,z) with
corresponding velocity components (u, v, w), see Figs. 1 and 2. In
Fig. 2, a general three-dimensional stream surface along with its
boundary-layer thickness is shown, which is produced because of an
stagnation-point flow impinging on a flat plate where the flow pattern
in x direction is bounded because of whatever physical limitation.
This limitation can be generated, for example, in the form of multiple
jet streams in a row in which the jets are in equal distances from each
other only along the x axis and there is no limitation along the y axis.
Obviously, the boundary-layer thicknesses are different in x and y
directions, contrary to the case of axisymmetric flow when they are
the same. Figure 2 depicts the same situation but for a certain rates of
suction and blowing and their comparison with the case of no
transpiration. We consider the laminar steady incompressible flow
and heat transfer of a viscous fluid in the neighborhood of stagnation
point on a flat plate located in the plane z = 0. An external fluid,
along z direction, with strain rate a impinges on this flat plate and
produces a two-dimensional flow with different components of
velocity on the plate. This external flow, as an example, can be
generated in the form of multiple jet streams in a row in which the jets
are in equal distances from each other along the x axis. The steady
Navier—Stokes and energy equations in Cartesian coordinates
governing the flow and heat transfer are given as

Fig. 1 Three-dimensional stream surface and velocity profiles.
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Fig. 2 Stream surface for selected values of transpiration.
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where p, p, v, and « are the fluid pressure, density, kinematic
viscosity, and thermal diffusivity, respectively.

III. Self-Similar Solution
A. Fluid Flow Solution

The classical potential flow solution of the governing Eqs. (1-4) is
as follows, in which we have exerted the parameter A in x direction
component of velocity to introduce three-dimensionality:

U = ahx, 0<A =<1 6)
V=ay @)
W=—-alA+ 1)z—W, 3

P.,=P,— %paz[K2x2 + 32+ (A + 1222 + W2 —2aWy (A + 1)7]
()

where p, is stagnation pressure and A is the coefficient which
indicates the difference between the velocity components in x and y
directions. The velocity components in these directions are the same
if A = 1, indicating that each of the two adjacent single jets are far
enough from each other and therefore there are no interactions
between them. W, is the suction or blowing rate in z direction.

A reduction of the Navier—Stokes equations is sought by the
following coordinate separation, in which the solution of the viscous
problem inside the boundary layer is obtained by composing the
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inviscid and viscous parts of the velocity components as the
following:

u=akxf'(n), 0<A<l1 (10)
v=ay[f'(n) + g ()] (11)
w=—Vav[g() + (= + Df ] =W, (12)
n=+a/vz 13)

in which the terms involving f (1) and g(n) in Egs. (10-12) comprise
the Cartesian similarity form for steady stagnation-point flow and the
prime denotes differentiation with respect to . Note, boundary layer
is defined here as the edge of the points where their velocity is 99% of
their corresponding potential velocity. Transformation Eqs. (10-13)
satisfy Eq. (1) automatically and their insertion into Egs. (2—4) yields
a coupled system of ordinary differential equations in terms of f(n)
and g(n) and an expression for the pressure

SUAIGA DS + g =S ML= (=0 (14)

g I+ Df +g—Slg" =g +2f1g' — (1= WI(f)*—1]=0
(15)

2
p(x,y,z) =Py — %[Azxz + ¥4 + 1pa’S[Sv — 2+/av(h + 1)z]

= pavl[(A + Df +gF + (f + &) + Af = (A + 1)]

+ pavin(r + D(y —aS)} (16)
Relation (16), which represents pressure, is obtained by integrating
Eq. (4) in z direction and by use of the potential flow solution
Eqgs. (6-9) as boundary conditions. The function g(7) outside the

boundary-layer region is independent of the variable 1 and equal to a
constant value y. Therefore,

y = lim g(n) = Const.
]7—)00
and
— WO
~ Jav

The boundary conditions for the coupled differential Eqs. (14) and
(15) are

n=0:f=0, f =0 g=0 g=0 (17

S > 0 (suction) S < 0 (blowing)

n—>oo:f=1 ¢g=0 (18)

Note that, when A = 1, the case of axisymmetric three-dimensional
results are obtained (Homman [5]). When A = 0, the results are the
same as the two-dimensional problem.

B. Heat Transfer Solution
To transform the energy equation into a nondimensional form for

the case of defined wall temperature, we introduce

— T(’?) B Too
Tw - Too

) 19

Making use of transformation Egs. (10—13), the energy equation may
be written as

0+ Prx@lg+@A+1)f—-8=0 (20)

with the boundary conditions as
n=0 =1 1)
n— oo 0=0 (22)

where Pr= v/« is the Prandtl number and the prime indicates
differentiation with respect to 7.

Note that, for Pr = 1, the thickness of the fluid boundary layer and
heat boundary layer become the same, and therefore this concept is
proved by reaching Eq. (20) from Eq. (14) through substitution of
0=f.

Equations (14), (15), and (20) are solved numerically using a
shooting method trial and error and based on the Runge—Kutta
algorithm, and the results are presented for selected values of A and
Prin following sections. Because Eqs. (14) and (15) are coupled, we
guess a value for g(n) function first and solve Eq. (14) for f(n). Then
Eq. (15) is integrated and a new value of g(n) is obtained, which is
used to solve Eq. (14) again. This procedure is repeated until the
difference of the results is less than 0.00001.

IV. Shear Stress

The shear stress at the wall surface is calculated from

ou ov
=pul— —e, 2
T M(Bz e, + PP ey)Z:O (23)

where p is the fluid viscosity. Using the transformation Eqs. (10-13),
the shear stress at the flat plate surface becomes

= pv%a%[kzxzf//z + yz(f// + g//)Z]% (24)

This quantity is presented for different values of A in later sections.

V. Asymptotic Analysis
Asymptotic results for large values of Prandtl numbers are given in
this section. Assuming
e=1/Pr (25)
as a perturbation parameter, energy Eq. (20) can be written as

€0 +[g+ (1+1)f -5 =0 (26)

Since ¢ appears in front of the highest-order term, an inner and outer
analysis is needed to obtain a composite solution for all the values of
Prandtl numbers. A perturbation expansion in outer region is
assumed as

0(n, &) = 6,(n) + £6,(n) + O(&?) 27

Substitution of this expansion into Eq. (26) and collecting the
coefficients of the powers of ¢ and setting them equal to zero gives
typical equations as

B(m =0 (28)

which solves to 6,(n) = constant. Therefore, the outer solution is
introduced as 6°(17) = constant.

To obtain the inner solution, we consider the following stretching
of the variables:

E=n/¢’, F(&) = f(n)/&*
GE =gm/ef,  ®E) =0(n)/e (29)

Substitution of these new variables into Eqgs. (14), (15), and (26) and
taking the distinguished limits (Nayfeh [27]) would result in

a=p=2/5,

<1

=3/5, =0 (30)

Therefore, the energy equation governing the inner region (inside the
boundary layer) would be

O +[G+ A+ 1)F -5 =0 31)

in which the prime indicates differentiation with respect to &.
Intersection of the solutions of this equation with the outer solution
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would bring about uniformly valid solutions throughout the region
for all values of Prandtl numbers.

VI. Presentation of Results

In this section, the solution of the self-similar Eqgs. (14), (15), and
(20) along with the surface shear stresses for different values of
velocity ratios and Prandtl numbers are presented.

The boundary-layer thickness in the two directions on the flat plate
versus the velocity ratio is presented in Fig. 3 for selected values of
suction and blowing. This thickness is larger in x direction compared
to y direction because of the difference of the velocity components in
these directions, and the difference of the boundary-layer thickness
in these directions decreases as A increases until the value of unity
where these two layers meet each other, which is a validation of our
results compared to the axisymmetric problem case. From this figure,
the following relations can be obtained for the boundary-layer
thickness versus the ratio of the velocities in potential flow:

For § =0,

8, =—0.75A +2.75 8, =—0.351 +2.35
For § =2,

8, = —0.1A%7 — 0.014A + 2.99 8, = —0.1A1 +2.96
And for § = -2,

8, =012 —0.451 + 1.61

8, =—0.151'% — 0.01A + 1.49

Boundary-Layer Thickness

1.2
0.8 )

o X B.L. Thickness

B Y B.L. Thickness —+ —-—.—.~
0.4F

0 B - - - - -
0.2 0.4 0.6 0.8 1
A

Fig. 3 Boundary-layer thickness versus variation of velocity ratio and
selected values of suction and blowing.

fl,9',f'+g"

Fig. 4 Typical u and v velocity components for A = 0.05 and selected

values of suction and blowing.

Figures 4-7 present the profiles of f’, g/, and f' + g’ for different
values of velocity ratio A and selected values of transpirations. The
smaller the A, the bigger g’, and therefore the difference between the
velocity components is larger. For A — 1, then g’ — 0, and the two
velocity components become the same, which is again a validation of
our result compared to the axisymmetric problem case.

f,9',f'+g"

Fig. 5 Typical u and v velocity components for A = 0.1 and selected
values of suction and blowing.

f',g',f'+g’

Fig. 6 Typical u and v velocity components for A = 0.5 and selected
values of suction and blowing.

Fig. 7 Typical u and v velocity components for A = 0.9 and selected
values of suction and blowing.
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Figures 8—11 depict the f and g profiles, and therefore the w
component of velocity for different values of velocity ratio and for
selected values of suction and blowing. The bigger the A, the larger
the absolute value of the w component of the velocity, as expected.
This component of velocity, which is the penetration of momentum
into the boundary layer in the z direction, changes abruptly as
A increases because the boundary layer increases faster as this
parameter gets larger, and therefore there is need for more penetration
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Fig. 8 Typical w component of velocity for . = 0.05 and selected values
of suction and blowing.
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Fig. 9 Typical w component of velocity for A = 0.1 and selected values
of suction and blowing.

o

Fig. 10 Typical w component of velocity for A = 0.5 and selected values
of suction and blowing.
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Fig. 11 Typical w component of velocity for A = 0.9 and selected values
of suction and blowing.

of the momentum and hence this component of velocity gets bigger.
The effect of blowing is in the direction of increasing the w
component of velocity and suction in the direction of decreasing it, as
expected. It is interesting to note that, as A — 0 (for example,
A = 0.05), the flow governing differential equations appears in the
new form of

F 4+ =0
¢+ (F 498" — (g +2/)g +[1 = (£ =0

Which are definitely different with the governing equations of the
two-dimensional problem case [2], because A tends to zero gradually
and the basic governing equations remain three-dimensional. Note
that the existence of the physical limitation in x direction is the cause
of the gradual change of A from one to zero.

The temperature profiles for different values of velocity ratio and
selected values of Prandtl numbers and transpiration are presented in
Figs. 12-23. Increase of velocity ratio and increase of Prandtl
number both cause the decrease of the temperature profile. It is also
noted that, for A — 1 and Pr = 1, the temperature boundary layer is
obtained the same as the velocity boundary layer and is also a
validation of the nonaxisymmetric temperature compared to the
axisymmetric problem case.

In presenting the uniform value of temperature profiles for higher
Prandt]l numbers (Pr = 10.0), an asymptotic method has been used.
These uniform values of temperature profiles have been obtained
from matching an outer solution with an inner solution.

o
-

Fig. 12 Temperature profile for L = 0.01 and Pr = 0.5 for selected
values of suction and blowing.
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Fig. 13 Temperature profile for A = 0.1 and Pr = 0.5 for selected
values of suction and blowing.

Fig. 16 Temperature profile for L = 0.01 and Pr = 1.0 for selected
values of suction and blowing.
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Fig. 14 Temperature profile for A = 0.5 and Pr = 0.5 for selected 0 1 2 3
values of suction and blowing. n

Fig. 17 Temperature profile for A = 0.1 and Pr = 1.0 for selected
values of suction and blowing.

1 —_——

N\~ TT~<
<\.\_ \-'\_ ~ ~ ~ Pr=1
,\\. '\__ ~

0.8 |-\ . N
| 'Y N N
|\ N AN
L W\ N \s=-2
L . N\

06F |\ . \

0 [\ \, \
0 L v \, \

B v N\, S=-1 \
- N N, \

0.4 |- Y \. \
- v S=0 A N\
= N \
- \oNs- o \

\ N N

0.2 \ . -.
i S=2 | \.\ N
B N “ <
| N '~ ~ _\
= ~ ~. ...

I T P RPN [
0 1 2 3
n
Fig. 15 Temperature profile for A = 0.9 and Pr = 0.5 for selected Fig. 18 Temperature profile for A = 0.5 and Pr =1.0 for selected

values of suction and blowing. values of suction and blowing.
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Pr=10

values of suction and blowing.

Fig. 19 Temperature profile for A = 0.9 and Pr = 1.0 for selected

values of suction and blowing.

Fig. 22 Temperature profile for L = 0.5 and Pr = 10.0 for selected

. Pr=10
.
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0 1 2 3 Fig. 23 Temperature profile for A = 0.9 and Pr = 10.0 for selected
n values of suction and blowing.
Fig. 20 Temperature profile for A = 0.01 and Pr = 10.0 for selected
values of suction and blowing.
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Fig. 21 Temperature profile for A = 0.1 and Pr = 10.0 for selected

values of suction and blowing.

A

suction and blowing.

Fig. 24 Shear stress inx andy directions versus A and selected values of
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Fig. 25 Pressure profiles for selected values of A and S = 0.

Figure 24 presents the change of surface shear stress on the flat
plate in terms of velocity ratio A. The following relations can be

deduced from this plot:
For § =0,
7, =AM + 0.3 T, = 0.1A" —0.031 + 1.235
For § =2,

7, = 1.5A132 4+ 1.254 4 0.02 7, = 0.0951A + 2.67

For § =-2,:

7, = 0.451%% 4 0.051 7, = 0.01A%° + 0.0061 + 0.476
As A — 0, the stress tensor in x direction tends to zero, but note that
A = 0 does not represent a physical situation.

Pressure profiles inside the boundary layer are shown in Fig. 25 for
selected values of A. From these profiles, it can be seen that, with
increase of velocity ratio in x and y directions and tending toward the
symmetric situation, variation of pressure inside the boundary layer
increases, because A affects velocity directly and pressure changes
with velocity in power form.

VII. Conclusions

The effects of suction and blowing have been presented in this
problem using a similarity solution of the Navier—Stokes equations
and energy equation for nonaxisymmetric three-dimensional
stagnation-point flow and heat transfer on a flat plate. This task has
been accomplished by choosing appropriate similarity trans-
formations and reduction of these governing equations to a system of
coupled ordinary differential equations and subsequent numerical
integration. Velocity components, temperature profiles, pressure
change, surface stress tensor, and asymptotic solution of temperature
profile for a high Prandtl case have been presented for selected
values of velocity ratios. Increase of velocity and thermal boundary-
layer thicknesses are encountered in all cases for blowing and
their decrease in the case of suction. These differences have been
compared with the case of no transpiration for selected values of
these parameters. This problem represents many physical situations
including the stagnation-point problem, in which the impinging flow
is generated in the form of multiple jet streams in a row where the jets
are equal distances from each other along one axis.
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